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1 SSSKKK9.4

13.Áy¡x2 + y2 + z2 = ax�¡x2 + y2 + z2 = by�p��"

pf:k¦Ñ{�"
F (x, y, z) = x2 + y2 + z2 − ax,
G(x, y, z) = x2 + y2 + z2 − by,
n1 = (2x− a, 2y, 2z),
n2 = (2x, 2y − b, 2z),
�3ü¡��?kax = by¤á, �n1 · n2 = 4x2 + 4y2 + 4z2 − 2ax− 2by = 0

15.y²¡z = xe
x
y�z��²¡ÑÏL�:"

pf:�´k¦Ñ{�"
F (x, y, z) = xe

x
y − z,

n=(e
x
y + x

y e
x
y ,−x

2

y2 e
x
y ,−1),

(x0, y0, z0):��²¡�§�(e
x0
y0 + x0

y0
e

x0
y0 )(x− x0)− x0

2

y02 e
x0
y0 (y − y0)− (z − z0) = 0

u�uy�:(¢3þã¡þ"

17.¦e��3�½:Ñ����§"y2 + z2 = 25, x2 + y2 = 103(1, 3, 4):"

ù�K´�m¥Ûª���¹"k¦ü�¡3�½:?�{�"
n1 = (2x, 2y, 0) = 2, 6, 0,
n2 = (0, 2y, 2z) = 0, 6, 8,
n = n1×n2 = (48,−16, 12),���§�x−1

48 = y−3
−16 = z−4

12 ,�²¡�§�48(x−1)−16(y−3)+12(z−4) =
0

2 SSSKKK9.5

3.éu¼êf(x, y) = sinπx+cosπy,^¥�½ny²§�3��êθ,0 < θ < 1,¦� 4
π = cosπθ2 +sinπ2 (1−

θ)"

pf:�Ä(0, 12 )Ú( 12 , 0)ùü:,d¥�½n

2 = f( 12 , 0)− f(0,
1
2 ) =

1
2f

′

x(a, b)− 1
2f

′

y(a, b)

=4 = π(cosπa+ sinπb),Ù¥a+ b = 1
2

3.¦e�¼ê��VÐmúª§¿�ÑÐmª¤á�«�"
(1)f(x, y) = exln(1 + y) (3)f(x, y) = 1

1−x−y+xy (5)f(x, y) = sin(x2 + y2)

(1)(0,0)?Ðm�n�"
fx = exln(1 + y), fy = ex

1+y , fxx = fxxx = fx, fxy = fxxy = fy, fyy = fxyy = − ex

(1+y)2 , fyyy = 2 ex

(1+y)3

3(0,0)?fx = fxx = fxxx = 0, fy = fxy = fxxy = 1, fyy = fxyy = −1, fyyy = 2

1



f(x, y) = 1 + y + 1
2 (2xy − y

2) + 1
6 (3x

2y − 3xy2 + 2y3)
�Ðm�n�§��I�x+ 1 > 0¤á=�.

(3)f(x, y) = 1
1−x ∗

1
1−y ,�|x| < 1�§k 1

1−x = 1 + x+ x2 + x3 + . . .¤á,

f(x, y) = 1 +
∑∞
l+m=1 x

lym

(5)f(x, y) = sin(x2 + y2) �Cþ��r = x2 + y2,�|r| < 1�§f(x, y) = sinr = 1 + r3

3! −
r5

5! + . . .

5.z = z(x, y)´d�§z3 − 2xz + y = 0(½�Û¼ê§U(x − 1)Ú(y − 1)�¦�¼êÐm��g�
�"
F (x, y, z) = z3 − 2xz + y = 0,∂F∂x = −2z, ∂F∂y = 1, ∂F∂z = 3z2 − 2x

z(1, 1) = 1
fx = 2z

3z2−2x , fy = −1
3z2−2x ,fx(1, 1) = 2, fy(1, 1)− 1.

fxx = 2zx(3z
2−2x)−2z(6zzx−2)
(3z2−2x)2 = −16,

fxy =
2zy(3z

2−2x)−2z(6zzy−2)
(3z2−2x)2 = 10,

fyy =
6zzy

(3z2−2x)2 = −6,
f(x, y) = 1 + 2(x− 1)− (y − 1) + 1

2 (−16(x− 1)2 + 10 ∗ 2(x− 1)(y − 1)− 6(y − 1)2).

7.¦e�¼ê4�"(1)f(x, y) = xy + 50
x + 20

y

fx = y − 50
x2 , fy = x− 20

y2 ,éá)Ñx = 5, y = 2´��7:"¦ÑHesseÝ
�

4
5 1
1 5

�½�,3T:��4��30.

(3)f(x, y) = e2x(x+ 2y + y2)
fx = e2x(1 + 2(x+ 2y + y2)), fy = e2x(2 + 2y),éá)Ñx = − 1

2 , y = 1´��7:"¦ÑHesseÝ
�

2e 0
0 2e

�½�,3T:��4��− e2 .

10.¦e�^�4�"
(1)u(x, y) = x2 + y2, xa + y

b = 1.
AÛ¿Â���þ?¿�:���	�:ål§k4��§Ã4��"
F (x, y, λ) = x2 + y2 + λ(xa + y

b − 1)
Fx = 2x+ λ/a
Fy = 2y + λ/b
Fλ = x

a + y
b − 1

��ax = by,�\^��(x, y) = ( ab2

a2+b2 ,
a2b
a2+b2 ) u(a, b) =

a2b2

a2+b2�4��"

(3)u(x, y) = sinxsinysinz, x+ y + z = π
2 ,x,y,z¿0.

0 < u(x, y) ≤ 1 Ã4��§k4��"
F (x, y, z, λ) = sinxsinysinz + λ(x+ y + z − π

2 )
Fx = sinysinz + λ
Fy = sinxsinz + λ
Fz = sinxsiny + λ

2



Fλ = x+ y + z − π
2

⇒ sinysinz = sinxsinz = sinxsiny ⇒ x = y = z = π
6

4��� 1
8

10.¦e�¼ê3�½��S������"
(1)z = x2 − y2, x2 + y2 ≤ 4
z ≥ −y2 ≥ −4
z ≤ x2 ≤ 4

(3)sinx+ siny − sin(x+ y), x ≥ 0, y ≥ 0, x+ y ≤ 2π
F (x, y) = sinx+ siny − sin(x+ y),>.�n�/§k¦Ù7:
Fx = cosx− cos(x+ y) = 0
Fy = cosy − cos(x+ y) = 0
⇒ cosx = cosy ⇒ x+ y = 2π(��) or x = yorx− y = 2π(��)
⇒ 7:�( 23π,

2
3π)

f( 23π,
2
3π) =

3
2

√
3

¦ÑHesseÝ
�

−
√
3 −

√
3
2

−
√
3
2 −

√
3

K½�,3T:��4�� 3
2

√
3.

2�Ä>.:§x = 0ory = 0�,f(x, y) = 0ð¤á;
x+ y = 2π�f(x, y) = sin(x) + sin(2π − x) = 0,����"
nþ§f����� 3

2

√
3,����0.

18.¦ý¥Nx2

a2 + y2

b2 + z2

c2 ≥ 1S��N���NÈ"

=z�^�4�¯K,�E9Ï¼êF (x, y, z) = 8xyz + λ(x
2

a2 + y2

b2 + z2

c2 − 1)

Fx = 8yz + 2λx
a2

Fx = 8xz + 2λy
b2

Fx = 8xy + 2λz
c2

⇒ x2

a2 = y2

b2 = z2

c2 = 1/3 V = 8xyz = 8
√
3

9 abc
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1.O�
(1)(x dx+ y dy) ∧ (z dz − z dx)

�ª= xz dx ∧ dz + yz dy ∧ dz + yz dx ∧ dy
(2)(dx+ dy + dz) ∧ (x dx ∧ dy − z dy ∧ dz)

�ª= (x− z) dx ∧ dy ∧ dz

3



1.ée��©/ªω,O�dω

(1)ω = xy + yz + xz

dω= ∂ω
∂x dx + ∂ω

∂y dy + frac∂ω∂z dz = (y + z)dx+ (x+ z)dy + (x+ y)dz

(3)ω = xy dx+ x2 dy

dω=d(xy) ∧ dx + d(x2) ∧ dy=−x dx ∧ dy + 2x dx ∧ dy=x dx ∧ dy

(5)ω = xy2 dy ∧ dz − xz2 dx ∧ dy

dω=d(xy2) ∧ dy ∧ dz + d(xz2) ∧ dx ∧ dy=(y2 − 2xz) dx ∧ dy ∧ dz

4 SSSKKK10.1

2.O�(1)
∫∫
D

y

(1+x2+y2)
3
2
dxdy D = [0, 1]2

�ª=
∫ 1

0
dx

∫ 1

0
d(− 1

(1+x2+y2)
1
2
)

=
∫ 1

0
( 1√

1+x2
− 1√

2+x2
)dx

=
∫ 1

0
d(ln(x+

√
1 + x2)− ln(x+

√
2 + x2))

=ln 2+
√
2

1+
√
3

(3)
∫∫
D
sin(x+ y) dxdy D = [0, π]2

�ª=
∫ π
0
dx

∫ π
0
d(−cos(x+ y)) =

∫ π
0
2cos(x)dx

=
∫ π
0
2d(sin(x))

=0

3.(1)O�
∫∫
D
(x2 + y2) dxdy D = [−1, 1]2

�ª=4
∫∫
D
(x2 + y2) dxdy D = [0, 1]2

=8
∫∫
D
x2 dxdy D = [0, 1]2

= 8
3

4.y²f(x, y) = φ(x, y)ψ(x, y)3D = [a, b]x[c, d]þ�È,�k
∫∫
D
f(x, y)dxdy =

∫ b
a
φ(x)dx

∫ d
c
ψ(y)dy.Ù

¥φ,ψ©O3[a, b], [c, d]þ�È.

y²¶Ì�´�y²�È5.
�±|^�áP150�4.:�È¼ê�¦ÈE,´�È¼ê.½ö^iùÚ?1O�.
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